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Affine Varieties

Let k be a field. An affine variety is the common zero locus of
polynomials fy, ..., f, € K[xy, ..., Xp].
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Linear Varieties

For linear polynomials f;, V(fi,..., ) is the solution space of an
inhomogeneous system of linear equations. This variety is described
parametrically applying Gauss Algorithm.
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Planar Curves

3

The graph of the function y = is the variety V(xy — x3 +1).

Let f(x,y) = y2 — x® — x? +- 2x — 1, then V(f) is the plane curve:

ﬂ
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More Examples

The twisted cubic V(y — x2,z — x°)

\

V(xz,yz) = V(z) U V(x,y)

\V)
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Parametric Varieties

The Bézier curve C C k2 parametrized by

X(t) = xo(1 — 1) +3x1t(1 — )2 + 3xt(1 — t) + xat®
Y(t) = yo(1 — 1)+ 3y1t(1 — £)2 + 3yat?(1 — 1) + yst®
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Parametric Varieties

Whitney umbrella given by the parametrization

X(s, t) = st, Y(s,)=s Z(s,t)=1

We need to describe these geometric objects by implicit equations,
i.e.,,as V(f,...,f). This allows to easily check if a given point lies on
the variety.
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Ideals

Given S C k" form

I(S)={9 € k[x1,...,x3] | 9(a1,-..,an) =0forall (ay,...,an) € S}

If fand g € /(S) and h arbitrary then

f+gel(S)and hf € I(S).

So /(S) is an ideal: the ideal of polynomial functions vanishing on S.

v
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Hilbert Basis Theorem

Ideals

Given fy, ..., fin K[xy,..., Xn],

fr,..., _{th|h1,...,hnek[x1,...,xn]}

is the ideal generated by fi,. .., f..

IfI C K[x1,...,xn] is an ideal, there exists fi, ..., f, such that

(.. ) =1.

I(S) has a finite generating set. J
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Rational Parametrization

Letp1(t1a---7td)a--'7pn(t17”'atd)Ek[t17"'7td]

S=1{(pi(as,...,aq),...,pn(at,...,aq)) € k" | (a1,...,aq4) € k9}

is called a rational parametrization (r.p.).

Theorem

IfSisarp. and I(S) = (fy,...,f) then S and V(fi, ..., 1) differ by a
set of dimension less than the dimension of S.

| \
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Let S={(2+ 1,2+ 1) | t € R}. Then /(S) = (y? — x® — x?)
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Quadratic Bézier Curves

Example: Hardy-Weinberg Equilibrium

Consider a gene with two alleles: A and B. Let X = #of
times A appears in a pair of matching chromosomes.

If A and B are in Hardy-Weinberg equilibrium, the
alleles are selected independently on each chromosome,
that 1s, there exists @ such that P(X =0) = 6>

P(X=1)=20(1-0) and P(X =2)=(1-0)’
2
S = {(92,29(1 —0),0-0310e [0,1]}
15)=(po+ pi+ P2 =1 P =4pops)

CClpy,p1sp-]
Po P>
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Affine Varieties

For anideal /| C k[xq,..., Xn],

V()={xe k™| f(x)=0forall f eI}

V(fi,... . f) = V({(f,.... 1)) )

<2x2—3y2+10,3x2—y2+1>:<x2—1,y2—4>

‘V
A BRI B S Y
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Projection and Elimination

In linear algebra, Gauss Algorithm parametrizes the solution space of
a linear system of equations by a coordinate space. This can be
viewed as a projection of the solution space.

Projection is also applied to solve systems of polynomial equations ]

For any ideal I C k[xq,..., X] we consider the elimination ideal
Im=1nN k[Xm+1a-'-7Xn]

and the projection 7, : k" — k"~ given by

mm(a1,...,an) = (@mst,---,an)
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Let /= <X2 -1,y — 4>, then V() ={(1,2),(-1,2),(1,-2),(—1,-2)}
then 7(V(/)) = {-2,2} and I, = (y? — 4). J

Let S = V(xy — 1), then m1(S) = k \ {0}. |

N

N

If k is algebraically closed, then wm(V (1)) = V(In)
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Grobner bases

Theorem

IfG={91,...,9r} is a Grébner basis of | C k[xy,...,Xn] with respect
to the lexicographic ordering, then

Gm:Gmk[Xm+1,...,Xn]

is a Grébner basis of I, C K[Xm1, - - ., Xn] with respect to the
lexicographic ordering.
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Polynomial Implicitization

Let S = {(?,13,t*) | t € k}. Consider the ideal
| = <x—t2,y— 3,z — t4>

A Grdbner basis of / with respect to the lexicographic order with
t>z>y>xisgivenby {y2—x3,z—x? tx—y,ty — x, 2 — x}, hence

(V) = V(ly) = V(y? = 33,2 — x)
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Rational Implicitization

Theorem

Suppose k is an infinite field and we are given a rational map
¢ kM\ Z — K" given by

fi(t) fa(t)
tr,... tm) —
)= (G 5ud)
with f and g; € k[ti,...,tmland Z = V(9), g =91 - G2 -- gn. Then

Im(¢) = V(ln1)

with

I:<g1X‘| _f1,...,ann—fn,1 —gS> Ck[s,t‘],...,tm,X‘],...,Xn]
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Consider the parametrization of the circle given by
1-2 2t
t (t2+1 ’ t2+1>

given by the 2" intersection point of y = #(x + 1) with the circle:

A Grobner basis of

[={(t+1)x—(1—13),(t2+1)y —2t,1 — (12 + 1)2s) with respect to
lex with s > t > x > y is given by

1 1
{x2+y2—1,ty+x—1,tx+t—y,s—§x—5}

and hence b = (x® + y? — 1
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